Excel for Algebra*

Lesson 7: Curve Fitting With The Solver

What does “Curve Fitting” mean?

The essence of “curve fitting” is to take some set of discrete data points, (xi,yi), i=1..N,
model the points as a smooth curve plus some error on each point, y; = f(x;)+err;, and
adjust the curve to make the errors as small as possible.

Typically this is done by picking some function that has whatever shape you want the
curve to be, and adjusting the parameters of that function to minimize the errors.

For example, you may decide that a straight line is the shape you want. Then your
function is f(x) = mx+b, and you adjust m and b (slope and y-intercept).

When Excel draws a trendline, it’s really fitting a curve that has one of a few standard
shapes. If you need to fit a curve that is one of Excel’s standard trendlines, then that’s the
easy way to do it.

However, there are a lot of useful shapes that Microsoft has not programmed into Excel.

No problem — you define the shape yourself using ordinary functions in the spreadsheet,
and find the best parameters by using “The Solver” that is built into Excel.

An example: Fitting a bell curve to oil production data

In the spirit of Goldilocks, let’s see if we can find a “just right” example — not too
simple, not too hard. Maybe even one we’ve seen before. How about Bartlett’s example
of fitting a Hubbert curve to U.S. domestic oil production?

The Hubbert curve is very similar to a standard bell curve. It approaches zero on both

ends, reaches a peak in the middle, is flat on top, and falls off symmetrically to both
sides. Mathematically, the standard bell curve can be described by:

f(x) = Mg ©-QYW)*
That is, for any value of x (the year), you’re supposed to subtract C (the center year),
divide by W (the width of the curve), square the result, raise e to minus that power, and

multiply by M (the maximum value of the curve, which will occur at year C).

The parameters of this curve are C, W, and M.

! Copyright 2008-2009, Rik Littlefield, all rights reserved. For updates and/or permission to copy, please
contact the author by email at rj.littlefield@computer.org . This is draft material dated 8/11/2009, for Excel
2003.
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Setting up a spreadsheet

Data for U.S. domestic oil production can be found at

http://www.eia.doe.gov/emeu/aer/petro.html (the U.S. Energy Information

Administration). They have been gracious enough to provide a spreadsheet already

populated with U.S. domestic oil production

(http://www.eia.doe.gov/emeu/aer/txt/stb0501.xIs)

Following standard practice, we’ll fit parameters so as to minimize the sum of the

squared errors.

First, let’s just plot the data:

A, B C D

1 |Data Source: U.S. Dept. of Energy, Energy Information Administration, U.S. Dorestic Oil Production

2 | httpofwasnw, eia. doe. govermeudaertstistb0501 . %l
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2,574,530

20 | 1360
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Just from looking at the data, we can see that it reaches a peak of about 3.5 million, is
roughly centered on 1975, and reaches half of its peak value at about +25 years. Those

observations suggest parameter values near C=1975, W=25, and M=3.5 million.

Now let’s define our model, using those values as a starting point. Here’s what the
spreadsheet looks like after we first put the model in.
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(Values)

c D E F G H | J K L il i (
1 |Data Source: U.S. Dept. of Energy, Energy Information Administration, LS. Domestic O/l Production
2 | hitp: v eia doe. gowermeu/aent:d/sth0507. xls
g
Crude Oil,
Tatal,
1000's of
4 |Year barrels Ilodel
i
W lwidth in (maxirum Sum Error
]  (center year) years) height) Seuared
5 1975 25 35 192E+13
7
8 Model Value Error Error Sguared
QL a0 1949 1.19E+H06  G.E5E+HIS  4.29E+11
10 [ 1950 1373574 1960 129E+06  BEEE+S 4.71E+1 4000 000
11 [1a51 22477H) 1951 1.39E+H06  B.55E+H0S 7.31E+11 o
12 1982 2299876 1952 180E+06  7BBE+)S B.22E+11
13w | zoonosr| 199 1BIE+0R 7 44F405 553E+11 | 3500000
14 1954 2314958 1954 173EH06  567E+S  344E+11
15 [ 1955 zas4428] 195 1.85E+406 639E+05 4.0BE+11 | 3,000,000
16 | 1986 2ET7283| 1965 1.96E+06 B.53EHIS  4.26E+11
17 | 1as7 266801 1957 2058E+6 533E+05 Z2B4E+11 2,500,000
18 1958 2446907 1958 220EHIE 2 45EHI5 5.99EH10 #Meazured
19 | 1359 2574590 1,959 232EHE 251EH)5 BZ9E+I0 2,000,000 - .- .- “‘ov
20 | 1960 e R 244E+06  133E405  1.7TE+ID v N [ .y ®Modsled
21 1361 2621758 1961 256E+6  B.39E+04  4.09E+D9 1,500,000 J ‘
22 |1k 2676|1962 2B7EHE  543EH13  295EH17 r
23 |18z 27E272 1962 278EHIE -270EH4  T7.31EHIB 1000 000 H
24 1984 2786822 1964 288EH6 971E+04 9.44E+H1S o
25 | 1985 284551 1985 298E4H6 -1.34E4H05 1.80E+10
26 136 | sozies| L I07E+06 -4 GBE+04 219E+09 | HO0MOD
27 | 1967 2G| 1967 3.1BEHIE  5.B4EHI4 318EHIS
28 |16 332304z 1968 324E+06  9.30E+04 8.B4E+D9 o T T T
29 | 1963 337175 1363 J3I0EHE B77E+HD4  458E+1S 1940 1960 1980 2000 2020
30 |ero 3ETRA50) 1970 33BE+6 1.55E+D5  2.39E+10
(Formulas)
A B e o] E F G
1 |Data Source
2 http: e e
3
Crude Oil, Total,
4 Year 1000°s of barrels Model
5 C (center year) WY (width in years) M {maximum height) Surn Error Squared
5] 1975 25 3458 =SUM(F9:FEE)
7
g Model Walue Error Error Squared
9 s 1841940 A8 =($F 561000000 EXP-([($DF6-CI)FESE)2Y)  =B9-D9 =EZ"E9
10 | 1950 1973574 -am =($F 561000000 EXP-((DFE-C10/FESE)*2)  =B10-D10 =E10*E10 4000
11 1ot a4 -att ={$F 5571000000 EXP- ([(SD$6-C11)/BESEP2))  =B11-011 =E117EN '
12 1952 2239635 AR =($F 5671000000 EXPI-([($D$6-C12/SESE2)  =B12-D12 =E12*E12
13 1952 2367052 A1 =($F 561000000 EXP-(FDF6-C13)/FESE2N  =B13-D13 =E13*E13 350
14 1954 2314988 -am =($F 5610000007 EXP-((DFE-C14)/FESE)2  =B14-D14 =E14*E14
15 | ams 434478 -85 ={$F 5571000000 EXP- (((5D$6-C15)/BESE)2))  =B15-D15 =E15°E15 300
16 | 1358 2617283 =A% =($F $5*1000000"EXPi-([($DI6-C16)/SESE2)  =B16-D16 =E16*Elb
17 1957 2615301 Al =($F 561000000 EXP-((FDFE-C17)/FERE 2N =B17-D17 =E17*E17 2500
15 1958 2448957 -aB =($F 5610000007 EXP-((DF6-C18)/FESE)2)  =B18-D18 =E18*E15
19 1953 2574590 a1 =($F 561000000 EXP-(DFE-C19)/FESE)2)  =B19-D19 =E19*E19 2,00
20 [ 1360 sETsT -am ={$F 5571000000 EXP- ([(5D$6-C20)/$ESE)<2))  =B20-D20 =E20°E20
21 19st 2621758 Az =($F $6™1000000 " EXPi-([($D$6-C21)/SESE2Y)  =B21-D21 =E21*E21 1501
22 g6z 26761ES Az =($F 561000000 EXP-(FDF6-C22/FESE) 2N  =B22-D22 =EXEZ2
23 1963 2752723 -Az3 =($F 5610000007 EXP-((DF6-C23)/FESE)2  =B23-D23 =EZPEZ3 1 oo
24 1384 araeaz2 A =($F 5571000000 EXP- (((FD$6-C24)/BESE)2))  =B24-D24 =E2"E24 '
25 1965 2648514 A5 =($F $67 1000000 EXPi-([($D§6-C25)/SESE2))  =B25-D25 =E25*E25
26 1965 3027763 -AZ6 =($F 561000000 EXP-((hDFE-C2E)/FERE)2)  =B26-D26 =EX6*E26 &0
27 ger 3216742 Azt =($F 561000000 EXP-(DF6-C27)/FESE) 2  =B27-D27 =EX7TEZY
28 196z 3323042 -Az8 =($F 561000000 EXP-((DF6-C20)/FESE)2)  =020-D28 =E28*E28
29 [ 133 ] Az ={$F 5571000000 EXP- ([(5D$6-C29)/$ESE)<2))  =B20-D29 =E29°E29
30 1e70 3517450 A0 =($F $6™1000000"EXPi-([($D$6-CIMABESE2)  =B30-030 =E30*E30

As you can see, the curve has roughly the shape that we intended, but it’s definitely too

narrow. It may also be too high in the middle and not be centered quite right.

This is where we use the solver. Notice that we’ve said to make the target cell G6 (sum
of squared errors) be minimum, by changing C, W, and M.
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Al B | c | D | E | F | G |
1 |Data Zource: LS. Dept. of Energy, Energy Information Administration, U5, Domestic C
2 | httpcdfenee. eia.doe. gov'emew/aentxd/sth0501. xls
3
] Crude OIl,

Total,
1000's of
~ 4 [Year barrels hadel
M
W fwidth in {maximum  Sum Error

| C [center year) yEArs) height) Sguared
B ] 1975 25 B.EE 1.92E+13!
7
g hWodel “Walue Error Error Squared
9 |1 ladaol 1949 1.19EHIE  6.55EHIG 4.29E+11
10 | 1950 1973574| 1350 1.29EHE6 B86EHIG  4.71E+11 4000 000
11 135 224770 1951 1.39E+H06  BASEHIS 7 31E+11 Y
12 [z x

1953
13 v Set Target Cell: Ifﬁﬂ "'E Solve
15 1255 Equal To: CMax Mo Yalueof: I':' Close I
16 [14958 ~Bw Changing Cells:
17 | 1987 =
18 | 1958 l4Dse:47s0 &=l &l
159 1359 —Subject to the Constraints: Options |
20 | 1380 -
271 |16 J —
22 [19e2 Change |
23 [13gs Reset all |
24 | 1364 H _ Delre | el
25 1385 LI
AR 1aee

When we click on Solve, the screen flashes very briefly, the values in C, W, and M
change, and a popup appears:

i
W fwidth in (maximum  Sum Error
o T (center year) MEArS) heiht) =guared
5] 1975895308 3870719 3230861 1! 1.19E+12
7
g |Model Walue Error Error Sguared
g 199E+HR -1.52EH15  2.30E+10
10 Z07E+H)E -915EH14  5.38E+H19
11 2Z14E+H)E 1T.1MEHIS  1.24E+10 4,000,000
12 221EHe 8.28EHM  B.ARE+H9
—13 [ e . R =3 A0 AN
=l x|
15 Salver has converged ko the current salution, Al
16 conskrainks are satisfied. Feports
17 .ﬁ.nsn-'-:le_r_ ;I
18 {* ikeep Solver Solukion; Sensitivicy
— Limits
REN " Restore Criginal Yalues ;I
0]
21 | (04 & I Cancel | Save Scenario. .. | Help |
=2

We click OK to keep the values that the Solver found. This exposes the entire graph:
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A B G D E F G H | J K L i ]

1 |Data Source: U.S. Dept. of Energy, Energy Information Administration, LS. Domestic Oil Production
2 |http: . eia. doe. gowemeufaertxt/sth0501 ks
3

Crude Oil,

Total,

1000's of
4 |Year barrels hfodel

i
W (width in (maxirmum  Sum Error

=] C (center year) years) height) Syuared
] 1975.895309  33.70719 3.2308611 1.19E+12
7
8 Model Value Errar Error Sguared
9 |me 1E41940) 1943 199E+06 -1.52E+05 2.30E+10
10 | 1950 1373574 1950 207EH6 -9.15E+)4 B.35E+H19 4,000,000
11 | 1981 224770 1351 214E+H6  1.11E+HIS  1.24E+10 o
12 | 1952 2200896 19582 221EHE  828E+04 B.BEEHI9
13[m5s | amnes] 1em 226E+06  GODE+04 G41E+0g | 3500000 o
14 | 1954 251365 1954 235E+06 -312E+04 9.70EHIB p #,
15 1955 2Astae] 195 241E+06  7.03E+4  4.54E+09 | 3.000,000 ‘o
16 | 1956 2283 1956 248E+6 1.37E+H)5 1.86E+10
17 | 1987 2EB901 1957 285EH6  711EHI4 5.05E+18 | 2,500,000
15 | 1958 2445387 1958 2B1EH6 -1.60E+)5 2.86E+10 PUPE——
19 |1a59 2574590) 1959 267EH06 -B56E+04  913E409 | 2 000,000
20 150 2574333 1980 273E+08 -1.55E+05 2.39E+10 =Modeled
21 [1981 2EIITEE| 1361 279EHIE -1B4EHD5 270E+10 1,500,000
22 | 198z 2ETEN88| 1962 284E+H6 -1.B4E+HD5  2.E9E+10
23 | 1983 2752723 1983 289E+6 -1.39E+H)5  1.92E+10 1 00000
24 | 1954 2786522 1964 294E4H6 -1.53EH15  2.34E+10 T
25 | 1985 2p485M| 1385 298E+6 -1.35E+)5 1.86E+10
26w | soenres 1me J03E+06 1 30E+03 1 G9E+E | 00000
27 | 1987 32,742 1967 JO0BE+HE 1.51E+)5  2.25E+10
28 | 196 2320042 1968 310EH6  230E+405  528E+10 o T T T
29 | 1969 3,371,751 1989 313EH6  242EH)5  5.85E+10 1940 1960 15980 2000 2020
30 | a7 3517450 1970 316E+6 361E+15  1.30E+11

We can now see that the curve overlaps the data quite well.

Once the curve has been fit, it can be used (cautiously!) to extrapolate beyond the
observed data. With Excel’s trendlines, there is a place in the dialog to just say
“Forecast”. With Solver-fitted curves, we have to do the extrapolation manually, by
creating more years and evaluating the fitted function at those years.

Here is the result:

A B C D E F G H | J 38 L Il M
1 |Data Source: U.S. Dept. of Energy, Energy Information Administration, LS. Domestic O/l Production
2 | hitp: v eia doe. gowermeu/aent:d/sth0507. xls

g
Crude Oil,
Tatal,
1000's of
4 |Year barrels Ilodel

i

W lwidth in (maxirum Sum Error

]  (center year) years) height) Seuared

5 1975895309 3870719 32308611 119E+12

7

8 Model Value Error Error Sguared

QL a0 1949 1.99E+H6 -1.52EH)5 2.30E+10

10 | 1950 1373574 1960 207E+6 -9.15E+04 8.35E+09 4000 000

11 [1a51 22477H) 1951 2MEHE  111EHE  1.24E410 T

12 [1952 2289836 1952 221E+6  5.28E+04 G.BEE+D9

13 1955 wmTose| 1953 278E+06 BOOE+04 E41E+0g | 3:500.000 >

14 |1954 24388 1954 235E+06 -312E+04 9.70E+D3

15 [155 eseaze| 1955 2A1E+06  703E+04 4.94E+09 | 3,000,000

16 | 1986 2ET7283| 1965 248E4H06  1.37EHIS  1.86E+10

17 | 1as7 266801 1957 255EH06 7 1ME+HI4  S.05E+HS 2,500,000 -

18 |1a58 2443987 1958 2B1EHE -1BOEHIS 2.56E+10 *Measured
19 | 1959 2574590 1359 267E+HE -958E+04 S18E+18 [ 2 000,000 5 mhodeled
20 | 1960 2574933 1960 273EHI6 -1.85E+405  2.39E+10 o ‘ Extrapolsted
21 | 1981 2E21758| 1981 279EH6 -1.B4EHD5  270E+10 1,500,000

22 |1k 2676|1962 2B4E+06 -1.64EH)5 2.E69E+10

23 |18z 278272 1963 289E4H6 -1.39EHI5  1.92E+10 4 000 000

24 | 1964 2786522 1964 204E+6 -1.53E+405 2.34E+10 o

25 | 1985 284551 1985 298E4H6 -1.36E4H05  1.86E+10

26 [wes | aommer 1ss I03E+06 1 30E+03 1G9E+0s | HC00OD

27 | 197 3215742 1967 J0EEHIE  1.51EHIS  2.28E+10

25 | 198 3329042 1988 J10E+6  2.30E+)5  5.25E+10 o T T

29 | 1363 3371761 1969 313E+6  242EH)5 5B5E+10 1940 1990 2040

30 |ero 3ETRA50) 1970 J1BE+HI6  3.B1E+HIS  1.30E+11

Now, it is important to realize that these extrapolated numbers are based solely on fitting
an assumed shape of curve against an observed set of data. If the assumptions are wrong,
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the extrapolation will be also. From what we can see in the data, it looks (by eye) like the
future tail may not fall quite as steeply as this bell curve predicts. On the other hand, a
straight-line extrapolation from the last 20 years would be even worse — that method
would predict that by 2040 there would be no domestic production at all! In any case, the
message is clear — domestic oil is not the wave of the future.

We can look at any other data set using the same sorts of techniques. The result may be
less reliable (or more), depending on whether we have seen enough actual data to
establish the parameters of the curve.

Here is what we get if we look at U.S. domestic production of natural gas using data
through 2008.

4 | B [ ¢ | b | & | F aCasl H [ 4 [ k [ L | M ] (
1 |Data Source: U.S. Dept. of Energy, Energy Information Administration, U.S. Dormestic Oil Production
2 |hitp: . eia doe. gov/erneu/aettt/stb0R02 xls
3

Matural Gas

gross

withdrawals,

millions of
4 |Year cubic feet Model

1l
WY fwidth in (maximum  Sum Error

5 C (center year) YEArs) height) Squared
155 1996104473 53277794 23.864412  2.75E+14
7
-_E_ Model Value Error Error Squared 1
R TE4EES| 1343 1.09EH07 -3.37EH6  1.14E+13
10 1950 BA79660) 1360 113E+H7 -281E+06 7.87E+12
11 151 9583.372| 1351 117EH7 -1.96EH06  3.86E+12 0000
12 1952 10272566 1952 120E+07 -1.75E+06 3.08E+12
13 sz 1045798 1953 124EH07 -1.7BEH0E 3.08E+12 25 000,000
14 1954 10.994550| 1954 1.28E+07 -1.79E+06, 3.22E+HI2
15 | 1985 1719794 1385 132EH07 -1.44E+06 207E+12
16 | 1358 12,372,905 1356 1.35EH07 -1.17EH6  1.37E+1Z2 20,000,000
17 a8t 12306668 1957 139E+07 -1.02E+06 1.04E+12 Y
10 1958 136535 1358 1.43EH07 -1.16EHI6  1.35E+12 *Measured
13 1959 4229272 1959 147E+07 -4 B4E+H05  215E+11 | 15,000,000 mModeled
20 1380 50e7 9| 1360 151E+07  1.1ME+04 1.23EHIB ‘"*.h‘ « Extrapolated
21 1981 5460312 1961 1.55E+07 4.72E+02) 2.23EH15 Y
22 e 16,038,373 1962 188E+07 1.98E+15 3.90E+10 | 10,000,000 ¥ -
23 1983 18373368| 1363 162EH07 7.E2EH5 S5.6GE+11 s k"
24 1984 17536653 1964 1B6E+H7 9.33E+05 B79E+11 N,
25 1985 T R 1.70E+07  9.91E+05 9.83E+11 5,000,000
26 | 1986 19033839 1966 173E+07 1B9E+IE 286E+12
27 | 1987 20251776 1367 177EH7  254EH06  B.48E+12
28 19es 21325000| 1968 1.81E+07  326E+06  1.06E+13 0 T ! ! ] ' :
29 | 1983 2267396 1969 184EH07 426E+D6  1.81E+13 1940 1860 1980 2000 2020 2040 2060 2080
30 a7 23736453) 1970 1.88E+07 S.02EH6  2.52E+13

In this case, we haven’t really seen very much (if any) of the falling tail of the curve, so
the predictions are less reliable. Just from the data shown here, the situation right now
with domestic natural gas looks remarkably like the situation with domestic oil as it was
in about 1986 — a sharp rise, followed by an obvious plateau, and some hints but not yet
compelling evidence of having peaked out. If that pattern holds up, things will be a lot
more clear in another 20 years, at which time we can expect natural gas production to be
about half what it is now.

Plan accordingly.
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